We present a new improved parsimonious multivariate Markov chain model. Moreover, we find a new convergence condition with a new variability to improve the prediction accuracy and minimize the scale of the convergence condition. Numerical experiments illustrate that the new improved parsimonious multivariate Markov chain model with the new convergence condition of the new variability performs better than the improved parsimonious multivariate Markov chain model in prediction.
Introduction
The probability distribution of Markov chains plays an important role in a wide range of applications such as telecommunication systems, manufacturing systems, and inventory systems, see, for instance, [1] and the references therein. In recent years, the prediction of multivariate Markov chain models [2] has become more and more useful in many realworld applications: sales demand predictions [2, 3] , DNA sequencing [4] , and credit and financial data modeling [5] . The major merit of the multivariate Markov chain model is to detect the relations among the sequences and to predict more precisely.
Different models for multiple categorical data sequences are introduced in the following part. A multivariate Markov chain model has been presented in [2] . Ching et al. constructed a new matrix by means of the transition probability matrices among different sequences. To improve prediction accuracy, Ching et al. incorporated positive and negative parts in an improved parsimonious multivariate Markov chain model [5] . Miao and Hambly presented recursive formulas for the default probability distribution which is feasible for computation in this simple version [6] . A more advanced model, namely, higher-order multivariate Markov chain model has been exhibited in [7] . To reduce the number of parameters of the model, a parsimonious higher-order multivariate Markov chain model has been proposed in [8] , where the number of parameters is O(( + )
2 ). Certainly, there are many other papers contributing to the multivariate Markov chain models, for example, [1, 9, 10] .
With the development of science technologies with their applications, the number of data in sequences become larger, and the results need to be more precise. It is inevitable that a large categorical data sequence group will cause high computational costs, especially using the convergence condition as in [5] . In this paper, a new improved parsimonious multivariate Markov chain model and a new convergence condition with a new variability are presented to enhance the precision of the prediction and save the computational costs.
The rest of the paper is organized as follows. In Section 2, we briefly review several multivariate Markov chain models. In Section 3, a new improved parsimonious multivariate Markov chain model and a new convergence condition with a new variability are presented. Section 4 gives the estimation methods for the parameters of the new improved parsimonious multivariate Markov chain model with different convergence conditions. Numerical experiments with three examples are presented to demonstrate the effectiveness of our proposed model with the new convergence condition of the new variability in Section 5. Finally, concluding remarks are given in Section 6. 
Review of the Multivariate Markov Chain Models
In this section, we briefly introduce several multivariate Markov chain models, for example, the Markov chain model [3] , the multivariate Markov chain model [2] , and the improved parsimonious multivariate Markov chain model [5] .
The Markov Chain
Model. First, we introduce some definitions of the Markov chain [2, 11] . Let the state set of the categorical data sequences be M = {1, 2, . . . , }.
The discrete-time Markov chain with states satisfies the following relations:
where ∈ M, ∈ {0, 1, 2, . . .}. The conditional probability Prob ( +1 = +1 | = ) is called the one-step transition probability of the Markov chain. The transition probability is
and the transition probability matrix is ( , ) . The Markov chain model can be represented as follows:
where
0 is the initial probability distribution, and
T is the state probability distribution at time .
The Multivariate Markov Chain Model.
Suppose the number of categorical data sequences > 1. The multivariate Markov chain model [2] is represented as follows: 
Here, ( ) 0 is the initial probability distribution of the th sequence, ( ) is the state probability distribution of the th sequence at time , and ( ) +1 is the state probability distribution of the th sequence at time + 1. Here, ( , ) is the one-step transition probability from the state in the th sequence at time to the state in the th sequence at time +1.
In matrix form, we have
. . .
( ) +1
) =( ) . . . . . . . . . . . .
) × (
( )
) .
Here, ( , ) and , can be obtained from the categorical data sequences and the corresponding linear programming, for details, refer to [2] .
The Improved Parsimonious Multivariate Markov Chain
Model. With the same notations as introduced in Section 2.2, we introduce the improved parsimonious multivariate Markov chain model originating from multivariate Markov chain model. Consider
where the factor 1/( − 1) is a constant for normalization.
Here, e is the vector of all ones and ≥ 2. In matrix form, the improved parsimonious multivariate Markov chain model can be represented as
e − (2) . . .
where ) . . .
) ,
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for for all , = {1, 2, . . . , } and there exist , ∈ {1, 2, . . . , } satisfying | , | > , , then we note that | | > .
Lemma 1 (see [12] ). Let ∈ R × be a nonnegative and irreducible matrix, ∈ C × a complex matrix, and an eigenvalue of . If | | > , then ( ) > | |.
A New Improved Parsimonious Multivariate Markov Chain Model
In this section, we propose a new improved parsimonious multivariate Markov chain model and a new convergence condition with a new variability. In the new model, the state probability distribution of the th sequence at time + 1 depends on the state probability distribution of all the sequences at time . Let the number of categorical data sequences be > 1, the number of states in every sequences, < 1/ , then the new improved parsimonious multivariate Markov chain model can be represented as follows:
where ( ) 0 is the initial probability distributions of the th sequence and
Here, ( ) is the state probability distribution of the th sequence at time , ( , ) is the one-step transition probability matrix from the state in the th sequence at time to the state in the th sequence at time + 1. Here, ( ) +1 is the state probability distribution of the th sequence at time + 1. Let
then the new improved parsimonious multivariate Markov chain model in matrix form is
which also can be represented as
(16)
are, respectively, the positive and negative parts of the transition probability matrices in (14) where
is equal to one. From (14), after times iterations, it has
If (Λ + − (1/( − 1))Λ − ) < 1, the iteration of the new improved parsimonious multivariate Markov chain model is convergent. For finding a more simple and efficient convergence condition from the point of view of properties of special matrices, we get the following theorem. Proof. Because Λ + > ( /( − 1))Λ − , we obtain
For
Then, we obtain
From Lemma 1, it has
In the new model, ∑ =− , = 1, 0 ≤ , ≤ 1, and 0 ≤ ( , ) ≤ 1 for all 1 ≤ ≤ , 1 ≤ | | ≤ . It suffices to prove that
The new improved parsimonious multivariate Markov chain model is convergent.
Estimation of the Parameters of the New Improved Parsimonious Multivariate Markov Chain Model
In this section, we estimate the parameters of the new improved parsimonious multivariate Markov chain model in the new convergence condition with the new variability which has been proved in Theorem 2. The transition probability matrices ( , ) are estimated at first. If the data sequences are given and the state set is M = {1, 2, . . . , },
is the frequency from the state in the th sequence at time to the state in the th sequence at time + 1 with , ∈ M, then the transition frequency matrix ( , ) can be constructed as follows:
Here, ( , ) can be obtained by normalizing the frequency transition probability matrix as
,2 ⋅ ⋅ ⋅
Subsequently, the way of estimating the parameter , is introduced.
is a joint state probability distribution of the new improved parsimonious multivariate Markov chain model at and can be represented as
which satisfies
where Λ + , Λ − have been denoted in Section 3 satisfying
and < 1/ . Based on the idea of the convergence condition in [5] , the iteration matrix of the new improved parsimonious multivariate Markov chain model satisfies
By imposing an upper bound < 1, the convergence condition of the new improved parsimonious multivariate Markov chain model is 
Then the new improved parsimonious multivariate Markov chain model in this convergence condition can be represented as a set of linear programming problems
Journal of Applied Mathematics 5 subject to
where 
Here , 
where [⋅] is the th entry of the vector. Certainly, the optimization problem can also be represented as a linear programming problem:
subject to
Numerical Experiments
In this section, numerical experiments with three examples of different improved parsimonious multivariate Markov chain models with different convergence conditions are reported. Noting that the new improved parsimonious multivariate Markov chain model with the original convergence condition [5] is "IPM1, " (especially, the new improved parsimonious multivariate Markov chain model is an improved multivariate Markov chain model when we choose = 1), the new improved parsimonious multivariate Markov chain model with the new convergence condition of the new variability is "IPM2, " the convergence factor of the original convergence condition is " , " and the variabilities of the new convergence condition are " " and " . " The stopping criterion can be found 6 Journal of Applied Mathematics in Matlab order of . We add a notation " * " at the back of data in Tables 1, 2, 3 , and 4 when the stopping criterion is satisied but the accuracy is not reached.
Example 1.
There are three categorical data sequences [13] : 2, 2, 1, 3, 3, 2, 3, 1, 3, 3, 2, 2, 3, 2, 1, 2, 1, 2, 2} ,   2 = {2, 2, 1, 1, 2, 1, 2, 1, 2, 2, 2, 2, 3, 2, 2, 1, 2, 1, 2, 2} ,   3 = {3, 1, 1, 2, 2, 1, 2, 3, 1, 1, 3, 3, 3, 2, 3, 2, 3, 3, 1, 2} . (38) IPM1 with = 0.7 [5] can be represented as
IPM2 with = 1, = 3 is
In IPM2 with = 1.1, = 3, it has
(1) +1 = 1.0000
Example 2.
Let the three categorical data sequences be 
Suppose that
T is the prediction probability at time and
T is the fact value at time where ( ) = ( ) = {0, . . . , 0, 1, 0, . . . , 0} T ∈ R 1× , ∈ {1, . . . , }, is the fact state at time in the th categorical data sequence. "nA" is the number of the categorical data in one sequence and "pe" is the prediction error of the models which can be estimated by the equation:
In Table 1 , the prediction errors of the new improved parsimonious multivariate Markov chain model when = 1.2 is better than the prediction errors of other values of . Table 1 illustrates the efficiency of the new improved parsimonious multivariate Markov chain model when = 1.2 in the original convergence condition [5] .
In Table 2 much better than those of the new model in the original convergence condition.
An Application to Sales Demand Predictions.
In this part, the sales demand sequences are presented to show the effectiveness of the new improved parsimonious multivariate Markov chain model of the new convergence condition with the new variability. Since the requirement of the market fluctuates heavily, the production planning and the inventory control directly affect the estate cost. Thus, studying the interplay between the storage space requirement and the overall growing sales demand is a pressing issue for the company. Suppose that the products are classified into six possible states (1, 2, 3, 4, 5, 6), for example, 1 = no sales volume, 2 = very low sales volume, 3 = low sales volume, 4 = standard sales volume, 5 = fast sales volume, and 6 = very fast sales volume. The data of customer's sales demand of five important products can be found in [3] . By computing the proportion of the occurrence of each state in the sequences, the initial probability distributions of the five categorical data sequences are 
The transition probability matrix ( , ) can be obtained after normalizing the transition frequency matrix. By solving the linear programming problem corresponding to the new improved parsimonious multivariate Markov chain model with the new convergence condition where = 0.7 and = 4, , is obtained and the model is presented as follows:
(1) +1 = 0.4359
(1,1) (1) + 0.0193 (1, 2) (e * 0.7 − (2) ) + 0.1210 (1, 3) (e * 0.7 − (3) ) + 0.0359 (1, 5) (e * 0.7 − (5) ) , + 0.1445 (2, 5) (e * 0.7 − (5) ) ,
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Here, the prediction error equation are represented as
In Table 3 , we present the prediction errors of the new improved parsimonious multivariate Markov chain model with the original convergence condition [5] . From the data of Table 3 , we get Figure 3 . In Figure 3 , it is obvious that the new improved parsimonious multivariate Markov chain model of the original convergence condition performs the best when we choose = 0.6. The smaller we choose, the better error prediction we get.
In Table 4 , the best performance of the prediction errors of the new improved parsimonious multivariate model with the new convergence condition in sales demand prediction is 331.1873 when = 0.8 and = 4. In different cases of , the best prediction errors are in the diagonal line of the result matrix between = 3 and = 8.
For comparing the performances of the new improved parsimonious multivariate model with the new convergence condition of the new variability more clearly, we present Figure 4 where the data are extracted from Table 4 . As the value of increases, the parameter of the best performances of the prediction results increases. The best performances of the IPM2 are almost the same in different cases of .
With the data of Tables 3 and 4 , we get Figure 5 . It illustrates the benefits of the new parsimonious multivariate Markov chain model of the new convergence condition with the new variability in prediction accuracy.
Conclusion
In this paper, we present a new improved parsimonious multivariate Markov chain model and a new convergence condition with a new variability, which can enhance the the prediction accuracy of the models and save the computational estate. Numerical experiments with three examples illustrate that the new improved parsimonious multivariate Markov chain model of the new convergence condition with the new variability performs better than the improved parsimonious multivariate Markov chain model with the original convergence condition. Certainly, our new model can also be applied into credit risk and other research areas.
